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In drawings (two edges have at most one point in common, either a node or 
a crossing) of the complete graph K, in the Euclidean plane there occur at 
most 2n - 2 edges without crossings. This was proved by G. Ringel in [l!. 
Here the minimal number of edges without crossings in drawings of K,, is 
determined, and for the existence of values between minimum and maximum 
is asked. 
1. INTRODUCTION 
We will represent the vertices of a graph G by distinct points, called 
nodes, in the Euclidean plane. Two nodes are connected by a simple 
curve, called edge, if the corresponding vertices are adjacent in G. If 
further two of these edges have at most one point in common, either a node 
or a point of intersection, called crossing, and if not more than two edges 
intersect in one point, then we have got a mapping of G into the Euclidean 
plane, which we will call a drawing D(G) of G. 
In drawings D(K,) of the complete graph K, we will consider edges 
without crossings. We denote by H(n) and h(n) the maximal and minimal 
number of edges without crossings, respectively. In [l] G. Ringel has 
proved for 12 2 4 
H(n) = 2n - 2. 
He also remarks in [l], that he knows a special D(K,,) in which no edge 
without crossings occurs. Here we will show that drawings D(K,J of this 
kind only exist if n >, 8. Moreover we will determine h(n) for the remaining 
values of n. 
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THEOREM 1. The minimal number h(n) of edges without crossings in all 
drawings D(K,) is given by 
h(n) ( l/3 14 / 4 / 3 12 1 0 
Then the question arises, whether there exists at least one drawing with 
exactly q(n) edges without crossings for all values v(n) between h(n) and 
H(n). This will be answered in Section 8. 
2. PR~IF FOR n > 8 
For every n > 8 we have to describe a drawing D(K,) in which each 
edge has at least one crossing. This seems trivial at the moment, but we 
have to observe, that two edges have at most one crossing in common, 
and that two edges with a common node do not intersect one another. 
If n is even, we take the vertex-points of a convex n-gon as nodes. We 
then label these nodes clockwise by the numbers 1 to n. Besides 
(i, i + 3), i = 1, 2 ,..., n, 
(2i, 2i + 2), and (2i - 1, 2i + 3), i = 1, 2 ,..., n/2, 
all edges (i, j), 1 < i < j d n, are drawn as diagonals, always avoiding 
multiple intersections. The numbers in brackets are to be understood 
modulo n. We state, that all edges have crossings except the sides of the 
n-gon. 
Now for odd i the edge (i, i + 3) is drawn from i to i + 3 as a line, 
first going inside the n-gon, then intersecting the side (i + 1, i + 2), and 
finally going directly to i + 3. If i is even, the line (i, i + 3) begins outside, 
intersects (i + 1, i + 2), and finishes inside the n-gon. Finally the edges 
(2i, 2i + 2) and (2i - 1, 2i + 3) are drawn outside the n-gon. So we have 
got all edges, none of them being without a crossing (see Fig. 1 without 
the broken lines for n = 8). 
If n is odd, we consider a D(K,-,) of the just described kind. The nth 
node is placed near by one of the odd nodes, for example the node 1. 
The edges (n, i), i = 2, 3 ,..., n - 1, start from n and intersect so many of 
the edges being incident with 1, that at last the edge (n, i) may be finished 
arbitrarily close to (1, i). The edge (n, 1) starts from 1 arbitrarily close to 
(1, 5) at the not yet used side of (1, 5). It surrounds 5 only intersecting 
edges being incident with 5 as far as it is able to go on inside the n-gon 
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FIG. 1. D(&) and D(&), where no edge is without a crossing. 
as a diagonal to IZ. As it is always possible to draw these n - 1 edges 
without mutual crossings, we have got D(K,J with the desired property 
(see Fig. 1 for n = 9). 
3. PROOF FOR ?I < 4 
Any crossing determines four nodes, and conversely, any quadruple of 
nodes determines at most one crossing. The number of edges in K,, is (It). 
So no crossing can occur in D(Ka) and D(K,), and we conclude h(2) = 
(3 = H(2), and h(3) = (3 = H(3). At most one crossing is possible in 
D(K,), and by subtracting the corresponding two edges we get 
h(4) = @ - 2. 
4. NOTATIONS AND LEMMAS 
By D(K,J the plane is partitioned in simple regions, which we will call 
polygons. The vertex-points of these polygons are nodes and crossings, 
and the sides consist of parts of the edges, called arcs. There are three 
different types of arcs (Fig. 2). The letters kd shall denote both, the type 
so as the number of arcs of this type in a special D(K,). For the different 
types of polygons we will prove some lemmas. 
0 0 
k0 y- k2 
FIG. 2. Three different types of arcs. 
302 HARBORTH AND MENGERSEN 
LEMMA 1. In D(K,,) at most one arc of an edge is possible as a side of 
any given polygon. 
Proof. We assume that at least two arcs of an edge (i,j) are sides of a 
polygonf. Then any part of (i, j) between two consecutive of those arcs 
together with the border offencircle at least one node of K, . This node r 
cannot be connected with i (orj), as (r, i) neither is allowed to intersect 
(i, j) nor the border of jY 
LEMMA 2. If two edges (i, r) and (i, s) in D(K,,) both have an arc being 
a side of the polygonf, then no further node of K,, is to be found between f 
and those parts of the edges (i, r) and (i, s), connecting the node i with the 
next vertex-point of$ 
Proof. We assume j to be a node between (i, r), (i, s), andf. Then the 
edge (j, r) only is possible, if (j, r) is allowed to intersect (i, s), Then, 
however, the edge (j, s) is impossible ((i, r) is not allowed to be intersected 
twice). 
LEMMA 3. In D(K,,) on the border of an m-gon I times a node let be 
clockwise followed by a crossing (I = 0, l,..., [m/2]), then this m-gon onIy 
may exist for m < n - 1. 
Proof. Let pi be the number of nodes, so that exactly i of the edges 
being incident with one of these nodes have at least one arc as side of the 
m-gon. Because of Lemma 1 then. each of these i edges determines exactly 
one side of the m-gon. From Lemma 2 we gather pi = 0 for i > 3. If 
clockwise or counterclockwise on the border of the m-gon a crossing 
follows a node, then the intersecting edge of the crossing is incident with 
a node of type p1 (Lemma 2), which means p1 > 21. Each of the m sides 
is counted twice in the sump, + 2p, . The inequality of Lemma 3 therefore 
follows from 
In general there are 4, 6, 8, 13, and 18 different triangles, quadrangles, 
five-, six-, and seven-gons, respectively, with vertex-points being nodes 
and crossings. If we use Lemma 3, and if we observe, that we will assume 
k, < 4, 3, 2 in paragraphs 5, 6, 7, respectively, then there remain 19 
polygons (Fig. 3), which may appear in drawings D(K,) for n Q 7. Again 
fi,j shall denote both, the type so as the number of polygons of this type 
in a special D(K,). 
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FIG. 3. All polygons to be considered for n < 7. 
LEMMA 4. By polygons of type f3,4 and f& at least six nodesof K,, 
are determined. 
Proof. Every side determines an edge with its two nodes. In case fs,4 
every edge intersects both of the others, so that there are three different 
pairs of nodes. In case f4,5 we have two pairs of edges, determined by 
opposite sides. Every edge intersects both edges of the other pair, and 
every pair determines at least three different nodes. 
If all edges being incident with a node r are deleted from D(K,), then 
r lies within a polygon &,j of D(K,J, which in D(K,J shall be denoted 
byf ;.i . 
LEMMA 5. No side off T,j can be an arc of an edge being incident with 
the node r. 
Proof. We assume (r, s) to be an edge with an arc as side of flj . 
Then (r, s) together with the border Off ;,j encircle at least one node of K, , 
which cannot be connected with s. 
Now we will denote the number of m-gons in D(K,,) by fm (m = 3,4,...). 
Then 
fm =fm.l +sm.z + *.- * (1) 
There are n nodes and S crossings, and 
k = k,, + kl + kz = (;) + 2s (2) 
arcs, so that by Euler’s polyhedron formula we get 
f=f,+f4+---= g -n+S+Z 
0 (3) 
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polygons in D(K,). If we consider all n(n - 1) arcs with at least one node 
as end point, then those arcs of type k, are counted twice, that is 
n(n - 1) = 2k, + k, . (4) 
Finally, we state that 
s< y 0 (5) 
. 
holds for D(K,), which is easily proved (see [l] or [4]). 
5. PROOF FOR n = 5 
First we assume k, < 3. Together with Lemmas 3 and 4 we conclude, 
that only the polygons of Fig. 3f f f f f f 3,l 3 3.2 9 3.3 9 4.1 9 4.2 9 4.4 9 and fss8 are 
possible in D&J. Every arc k, belongs to exactly two polygons, that is 
2k, = ?&.z + 2f3.3 + 2% + %4,2 + 2h.4 - 
This equation so as (I), (3), and (5) substituted in (4) gives 
20 = 2ko +A,,2 +f3.3 +&I +A132 +f4.4 
= % +f-f3.x -he = 2ko + S + 7 -Lk --f&e 
<6+5+7=18. 
Thus we have got a contradiction, and h(5) 3 4 is proved. Finally Fig. 4 
shows us h(5) < 4. 
FIG. 4. D(K,) with k,, = 4. 
6. PROOF FOR n = 6 
If we assume k, < 2, then this and Lemma 3 yield 
A.1 =f5.2 =f5.4 =fw =f4.2 =&I = 0. 
In case f4,3 > 0 we denote the nodes of one polygon of type f4,2 by 1 and 2 
(see Fig. 5). Because of Lemma 3 then all six nodes of D(K,,) are determined. 
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FIG. 5. A polygonfiss (n = 6). 
Furthermore, the edges (1,2), (1, 3), (1, 5), (2, 4), (2, 6), (3,4), and (5, 6) 
are to be drawn as in Fig. 5. Then no pair of nodes besides 1 and 2 can 
represent the two nodes of a polygon of typef& , from which we gather 
& = 1. The edges (3, 4) and (5, 6) in Fig. 5 are arcs of type k, . So (1, 3) 
and (2,4) must be intersected, which is possible only in that way shown in 
Fig. 5 .The same holds for (1, 5) and (2, 6), and we can concludef,,, > 2. 
Again counting the arcs kl of all polygons we receive 
2k, = X3.2 + X3.3 + 2f4.1 + +fi,s + 2fi4 + Vi.1 + 2f6.3 + 2f5.5. 
Using this together with (1) and (3) in (4) we get 
30 = '& + 11 + S +h.a -A4 -fw --f&e -fs.z. (6) 
Now f4,3 = 1, f4,5 > 2, and (5) yield the contradiction 
30 < 4 + 11 + 15 + 1 - 2 = 29. 
If, however, f4,3 = 0, then there is at least one node (for example l), 
such that flj is a polygon with all its vertex-points being crossings. Because 
of Lemma 4 we have only one possibility forf,fj , namely i = 5 and j = 6. 
The edges (1, i), i = 2, 3, 4, 5, 6, are to be drawn as in Fig. 6 (Lemma 5); 
FIG. 6. A polygonf& (n = 6). 
FIG. 7. D(K,) with k, = 3. 
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otherwise they would cause a polygon of D(&) without nodes on its 
border, so that (6) with (5) would yield a contradiction. Finally those five 
edges not yet drawn in Fig. 6 cannot have any crossing, contradicting 
k, < 2. Thus h(6) 3 3 is proved, and h(6) < 3 is shown by Fig. 7. 
7. PROOF FOR n = 7 
If we assume k, < 1 in D(K,), then at least one node r is surrounded 
by fA , f& p .fG , or fls . Otherwise at least two polygons (fi and fa) 
of type f4,3, f5,2, or f5,4 have to exist in D(K,). If two nodes being not 
neighbors on the border off1 are labeled by 1 and 2 (see Fig. 8), then (1,2) 
together with fi encircle exactly two nodes (3 and 4) with (3,4) being an 
arc k, . Any further polygon fi also must yield (3,4) as arc k, . But as it is 
impossible either to connect a pair i, j of nodes besides 1 and 2 directly 
(as 1 and 2 could be connected insidef,), or to encircle only the nodes 3 and 
4 by fi and (i, j), the second polygon f2 cannot exist. 
5 3 
1 
6 
,I’ 
7 
m  
2 L 
FIG. 8. A polygonf,., ,.L, orL (n = 7). 
We now proceed in proving: If fi,, , f:,, , f :,6 , or f ie3 occur in D(K,), 
then there are at least two edges without crossings in contradiction to 
k, < 1. 
We will try to complete the above polygons f l,j to a drawing D(K,). In 
doing this we often use the two properties S: Only one of all symmetric 
parts of a drawing is to be considered, and N : A special connection 
between two nodes preventing every connection between another pair of 
nodes may be disregarded. 
By fi,, all nodes of D(K,) and the edges (1,4), (2, 5), (3, 6) of Fig. 9 
are determined (Lemmas 4 and 5). Observing S the edge (1,2) may be 
drawn as shown in Fig. 9a, 9b, or as in 9c. In the first case (2,3) is of 
b c 
FIG. 9. &I4 in D(K,). 
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type k. . Thus we can assume that (3,4) and (5,6) are drawn corresponding 
to (1,2) in Fig. 9c. Then in Figs. 9a,b the edge (5,6) can be intersected 
only by (7,3) or (7,2) (observe iV), and in either case (4, 5) remains 
without crossings. Because of S we now assume that (1,2) is intersected 
by an edge corresponding to (3,5) in Fig. 9c. No further edge of this kind 
is possible. Then either (5,6) and (3,4) are intersected by (7,2) of Fig. 
9b leaving (2,3) and (4,5) without crossings, or (5,6) is of type k,, . If 
in the last case (3,4) is not a second edge of type k. , it can be intersected 
only by (7, 6) or (7, 1) corresponding to (7,3) in Fig. 9a, or by (7,6) 
corresponding to (7,2) in Fig. 9b, and in these three cases (4, 5), (2,3), 
and (2, 3) remain free of crossings. Observing S finally (1,2) has to be 
intersected by an edge (7, r), for instance by (7,4) corresponding to 
(7, 3) or (7, 2) in Fig. 9a or 9b, respectively, which (3,4) so as (5,6) or 
(1,6) let be without crossings. 
If& is a part of D(K,), then with Lemmas 4 and 5 all nodes and the 
edges (1,2), (1,3), (1,4), (2, 5), (2,6) are determined (Fig. 10). At first 
we assume the edges (7, l), (7,4), or (7,6) to be drawn as in Figs. lOa, lob, 
and 1Oc or 10d. In Fig. 10a we notice that (4,5) is of type k,, , and (1,2) 
only may be intersected by (3,4) as shown, but then (2, 3) remains free. 
In Figs. 10b and 1Oc (1,6) is without crossings. (2,3) may be drawn as in 
Fig. lob, then (3,4) is of type k,, , or as in Fig. lOc, then (2,3) either is an 
arc k, itself, or it can be intersected only by (4, 5) as shown, which yields 
Fro. 10. j$ in o(K,). 
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(3,4) to be a second arc of type k, . The edge (5, 6) in Fig. 1Od is.without 
crossings. (2, 4) is possible only as shown, and it may be intersected only 
by (3, 5), so that (4, 6) is free of crossings. In the following we thus may 
assume, that neither edges (7, l), (7,4), (7, 6) of the just considered kind, 
nor because of S the corresponding connections (7,2), (7, 5), (7, 3) can 
occur in D(K,) withf:,, . 
The nodes 3 and 4 are to be connected in five different ways (Figs. lOe, 
lOf, and log, 10h and IOi, lOj, 10k). Figure 1Oe: (1,2) is of type k, . 
(3, 6) is possible only in one way. It can be intersected only by (7, 1) as 
shown (use N in case (7,4)), but then (2, 3) is free of crossings. Figures 
lOf, log: (2, 3) is of type k, . If (5, 6) would be drawn as (3, 4), then also 
(1, 6) would be of type k, , and so there remain two possibilities for (5, 6). 
In Fig. 1Of we have (4, 5) without crossings. In Fig. log the edge (5, 6) 
because of N only may be intersected by (7, 2), but then (1, 6) is of type 
k. . Figures lOh, 1Oi: Either (1,2) is free of crossings, or it is intersected by 
(7, 5) as in Fig. 1Oi (N). In both cases (4, 5) is possible only in one way. 
Only (7, 6) may intersect (4, 5) in the first case, and then (1, 6) is of type 
k, . In the second case (1, 6) and (4, 5) are of type k, . Figure 1Oj: (5, 6) 
has to be drawn in this way (S), and it is of type k, . (1,2) can be inter- 
sected only by (7, 5), which leaves (2, 3) without crossings. Figure 10k: 
For (3,4) and (5, 6) remain the drawn possibilities. Both are either free 
of crossings, or one, for instance (3, 4) (S), can be intersected only by 
(7, l), or (7, 6), being drawn as in Fig. IOe, or as in Figs. 10h and IOk 
(observe N), respectively. In either case, however, (1,2) and (5, 6) are 
without crossings (N). 
Forfl,, we will distinguish three cases. The first one can be reduced to 
f,‘,, (Fig. lla). In the second one because of Lemma 5 all nodes and the 
edges (1, 2) (N), (1, 3) (1, 5), (2, 5), (2, 6), (4, 6), (5, 6) are determined 
(Figs. 1 lb-l le). (3,4) may be drawn as in Fig. 1 lb (S) or as in Figs. 1 lc-1 le. 
In Fig. 1 lb the edge (2, 3) is without crossings. (5, 6) can be intersected 
only by (7,2), and then (I, 6) is of type k, , (1,2) and (5, 6) in Figs. 1 lc-1 le 
d e f 
FIG. 11. f& in D(K,). 
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both are either free of crossings, or for instance (5,6) (S) can be intersected 
only by (7,2) or (7,3) (N). Then (1,2) (N) and (1, 6), (1,2) and (4,5), so as 
(1,2) (N) and (3,4) (N) are without crossings in Figs. 1101 le, respectively 
((3,4) in Fig. 1 le could be intersected only by (7,2) in the way shown 
in Fig. 1 Id). In the third case all nodes besides 6, and all edges not being 
incident with 6 or 7 are determined (Fig. llf). Because of S the node 6 
could be situated within three different polygons of Fig. 1 If without (6, l), 
(6, 5), and (7,3). A polygon of type fzs3, however, is not possible (N). 
If 6 lies outside the five-gon of nodes 1,2,3,4,5, then by (7,6), (7, r), 
and (6, r) at most three of the edges (1,2), (2, 3), (3,4), (4, 5), or (5, I) are 
intersected. If, finally, 6 lies in a polygon of typef,,, , then (6, 1) and (6, 5) 
are determined (N) as in Fig. 1 If. The only edge intersecting (5,6) (S) is 
is (7, 3), which leaves (1, 6) and (4, 5) without crossings. 
FIG. 12. fzs in D(K,). 
If f :.s occurs in D(K,), then Fig. 12 besides (7,4) is determined. The 
edge (7,4) of Fig. 12 shows the only possibility to intersect (1, 6) (observe 
N). Then, however, (4, 5) and (5,6) are without crossings. 
6 
FIG. 13. D(K,) with k. = 2. 
Now we have proved h(7) 2 2, and Fig. 13 finishes the proof for n = 7. 
8. VALUES BETWEEN h(n) AND H(n) 
THEOREM 2. There exists at least one drawing D(K,,) with exactly q(n) 
edges without crossings for every value of T(n) between h(n) and H(n), with 
the only exceptions q(4) = 5 and r)(5) = 7. 
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Proof. At first we consider drawings O(&) with h(n) edges without 
crossings. For II > 8 we use those D(K,) described in Section 2, and change 
the edges (i, i + 3) one after another to edges going only inside the convex 
n-gon. So we receive D(K,J with v(n) = 1,2,..., n - 1, or n for odd or 
even n, respectively. If in Fig. 7 we draw (1, 3) and then (2,4) outside the 
rectangle of nodes 1, 2, 3,4, then we get D(K,) with q(6) = 4, 5. Drawing 
(1, 6) or (2,7) in Fig. 13 outside or inside the rectangle of nodes 1, 2, 3, 4, 
let (2, 3), or (3, 5) and (4, 5), respectively, become free of crossings. So 
we can get D(K,) with ~(7) = 3, 4, 5. 
For II > 6 we now consider D(K,) with H(n) edges without crossings 
(Fig. 14). All lacking edges in Fig. 14 are to be drawn outside the 
(n - I)-gon. Using the broken drawn edges (1,2i), i = 1, 2,..., [(n - 1)/2], 
we get D(K,) with y(n) = 2n - 2 - 2i. Then using the broken edge 
(3, 5) in Fig. 14, we receive 7(n) = 2n - 1 - 2i. All in all we thus have 
proved Theorem 2 for n > 6. 
FIG. 14. D(Kn) with v(n) > n. 
Theorem 2 trivially holds for n < 3. For n = 4 there are two inter- 
sected edges or none. In Fig. 4 we draw (1, 3) or (2, 5) outside the rectangle 
of nodes 1,2, 3,4, and receive q(5) = 5, or r](5) = 6, respectively. The 
assumption q(5) = 7 leads to S = 2, but S takes only odd values for 
n = 5 [4]. 
9. FINAL REMARKS 
It should be mentioned, that the proofs of Sections 5-7 also could be 
done by checking a list of all finitely many nonisomorphic drawings 
D(K,). In case two drawings are said to be isomorphic if and only if there 
exists an incidence-preserving one-to-one correspondence between nodes, 
crossings, arcs, and polygons, such a list was given in 121 and [4] for 
n = 5. There are five nonisomorphic D(K,). For n = 6 in [3] a list is 
compiled. There are 123 nonisomorphic D&J, four of them. with h(6) = 3 
edges without crossings. A list of all nonisomorphic drawings D(K,) is 
unknown to the authors. ’ 
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